Count data

Refers to number of times and events. Frequency data.
"Number of tornados per month”, "hurricanes per year”.

Often modeled with a Poisson distribution of parameter .

e M\
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@ )\ is the average number of ocurrances.

@ Poisson regression: Yq, Yo, ..., Y, are ncounts.

@ where Y; denotes the number of events for “exposures” 7;. o\
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@ So E(Y;) = n;¢; and observation i has a specific
covariance pattern.

@ 0; is explained through covariates,

0; = exp(Bo + B1Xit + BoXio + . .. + BpXpp) = exp(X3).
@ The model is

Y; ~ Poisson(\;); A\ = ni0; = niexp(x!3),i=1,2,....n
@ In log-scale,

log(A\ij) = log(ni) + B1Xit + B2Xiz + ... + BpXip
= offset + linear predictor -\
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@ For a covariate X}, factor is absent X; = 0 and factor
present if X; = 1.

@ The Rate ratio (RR)

_ E(Yi|present)  miexp(Bo + B1)

RR = =
E(Yj|absent) niexp(fo)

= exp(fB1)

@ If a covariate is increased by one unit, exp(51) is the effect
due to the increase.

@ In general, the RR for covariate i is exp(;).
@ An approximate 95 % confidence interval for the RR is

(exp(3; — 1.96SE(5)), exp(5; + 1.96SE(3))) g
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@ Fitted values are computed as
Y: = niexp(Bo + 1 X + BaXig + ... + BpXip)

also denoted as e; (expected values).
@ These provide estimates of \; for each observation i, (};).
@ Pearson residuals,

Y,' — € .
r= i=1,2,...,n
i ﬁei
@ Goodness of fit statistic,
Y — €;)?
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Deviance statistic for Poisson model

@ Saturated model. Model where all A\;s are different.
@ The MLE is ), = Y.
@ The maximum value of the log-likelihood is

/(bmax; Y) = ZYIIOQ(yi) - Zyi - Z /og(yi!)

@ For a model with p < n parameters, 3 induces }; = Y;.
@ The maximum log-likelihood value is

(b Y) =3 yilog(91) = >~ 91— log(yi) o
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_________________________________________
@ The devianceis, D = —2[I(b; Y) — |(bmax; Y)] or

D

2 ZY:’/OQ(Y:'/}A’/') -S> i)

i

— 22 [oilog(oi/€;) — (0i — €))]
= 2) ojlog(oi/e).

@ Since for most cases ) _; 0, = > ; e; (model with Jp).
@ The deviance residuals are defined as

d; = sign(o; — €;)+/[oilog(0i/e;) — (0 — €))]

and so
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@ With a first order Taylor series approximation,

_ a2
oIog(%) z(o—e)+;(o ee)

@ Therefore,

D = 220/ <Z:> ~ 2 [Z(O,G,)+;Z(OI;6,)2

@ Shows that D and X? are closely related.

® Gets compare with x2,_ where p = number of fitted o\
parameters. UNM



Minimal model with no covariates,

log(\i) = log(n;) + Bo

If /(bmin) is the maximum likelihood under this model.
I(b) the max. likelihood of a model with p parameters.
Likelihood chi-square statistic,

C= 2[/(b) - /(bmin)]

pseudo R® measure is

/(bmin) - /(b)
l(bmin) . ﬁ

R? =



@ Example (Table 9.1): Number of deaths from coronary
heart disease.

@ Total number of person-years of observations (offset) .
@ Covariates: Age group, smokers/non-smokers.

@ Death rate higher for smoker and non-smokers?

@ |s death rate related to Age?

@ A model is,

log(deaths;) = log(pop;) + 51 + B2smoke; + fzagecat;
+p4agesq; + fssmkage;; i =1,...,10

@ agesq; is the square of agecat

@ smkage is the smoke and age interaction. Ulf\IIR/I



