FREE RESOLUTIONS OF MONOMIAL IDEALS
CORDELIA RUSSELL

ABSTRACT. In this thesis, we explore the construction and properties of free resolutions of monomial
ideals in polynomial rings. We focus on the Taylor resolution, one of the earliest algorithmic
approaches to constructing free resolutions, alongside the general construction for a minimal graded
free resolution examine its minimality. Specifically, we give examples of minimal and nonminimal
Taylor resolutions, identify conditions under which the Taylor resolution is minimal, and highlight
the impact of redundant least common multiples in generating scalar entries in the resolution’s
matrices. In addition, we provide a general form for the minimal free resolution of any bivariate
monomial ideal in a polynomial ring F[z,y]. We also study the Taylor resolution compared to
its truncated subcomplex, the Lyubeznik resolution, and discuss some computational methods for
obtaining resolutions. This work reiterates insights into the minimality of free resolutions and

provides concrete examples to demonstrate these concepts.

1. INTRODUCTION

I first encountered the content discussed in this thesis at the Diversity in the Mathematical

Sciences 2024 summer school on Combinatorial Commutative Algebra at Dalhousie University.
Over the course of a week, I attended lectures and labs instructed by Nasrin Altafi, Selvi Kara,
Sarah Mayes-Tang, Susan Morey, and Mayada Shahada. The notes I took at this summer school
have been a valuable resource that I have consistently referenced while working on this thesis
[AKMTT].
There are multiple ways to construct an exact sequence of free modules to form a free resolution of
the quotient module R/I for some ideal I of R. In particular, monomial ideals in polynomial rings
over fields are given by explicit generators, the relations of which are represented in the syzygies of
the resolutions.

In this thesis, we study and compare constructions of free resolutions of monomial ideals, such
as those from [Tay66], [Lyu88|, and [Peell]. A free resolution of a module informs us of the
generators of the syzygies, which arise from the kernel of each map in the exact sequence of module
homomorphisms. The study of a free resolution can also inform us about the projective dimension
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of a module. Furthermore, a monomial ideal serves as the initial ideal for some polynomial ideals in
the polynomial ring, so the resolution of a monomial ideal also helps develop a division algorithm
for multivariate polynomial ideals.

This thesis also examines properties of resolutions and differentiating characteristics such as
minimality. The length of the minimal free resolution gives the projective dimension of a module,
so obtaining a minimal resolution from a convenient but highly nonminimal construction is a key
aim. We consider properties of the monomial generators that indicate when a construction will
produce a minimal resolution, particularly for the Taylor resolution.

The minimality of a free resolution is directly tied to the ranks of the modules and the Betti
numbers. In the construction of the Taylor resolution, modules in the resolution are spanned by
basis elements associated with subsets of the generators of the ideal. Then, the least common
multiple (Iem) of these subsets of generators are taken, and may yield redundant lem’s in the set.
This redundancy in least common multiples manifests as scalar entries in the presentation matrices,
which do not appear in minimal resolutions. We utilize this observation to give a condition for when
the Taylor resolution of a monomial ideal is minimal. Finally, this thesis provides a general form
for the minimal free resolution of any bivariate monomial ideal in a polynomial ring F[z,y]. The
form is a simple construction and shows that the Taylor resolution of a monomial ideal in two
variables is minimal only when the ideal is generated by two or fewer monomials. A more extensive
cataloging of resolutions of monomial ideals was carried out in recent work [CK24], which considers
the Barile-Macchia resolutions. This thesis only briefly mentions the Barile-Macchia resolution

construction, given by [BM20], as a contrast to the Lyubeznik construction we consider.
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2. BACKGROUND AND DEFINITIONS

This thesis provides extensive background information so that our discussion of resolutions may

be accessible those not yet acquainted with abstract algebra.

Definition 2.1. [DF04, Definition 1 of Chapter 1] A group is a set G with a binary operation
*: G x G — G satisfying:

(1) * is associative; that is, ax (bxc) = (a*b) x ¢ for all a,b,c € G.

(2) There exists an identity element i € G such that i xx =z *i =z for all z € G.

(8) Every element a € G has an inverse element a’ € G such that axa’ = a' xa =1.

A subset H C G which is also a group under the same operation is called a subgroup.

The following proposition gives a sufficient condition to determine whether a subset of a group

is a subgroup.

Proposition 2.2. [DF04, Exercise 26 of section 1.1] A nonempty subset H of a group is a subgroup

if and only if for all a,b € H, axb' € H, where b/ denotes the inverse of b.

The following example utilizes the above proposition to show that a subset of matrices in the

group of n X n invertible matrices is a subgroup.

Example 2.3. For fited n € Z™, the set of invertible n x n matrices with entries in the real
numbers, denoted GLy,(R), forms a group under matriz multiplication. For n = 2, we show that
the set of upper triangular invertible 2 X 2 matrices with entries in R, in this example denoted H,

is a subgroup of GLa(R).

a b Ty a b r oy
Let , € H. We want to show that eH
0 c 0 =z 0 c 0 =z
—1
z oyl 1 [z —y
0 =z TZ\0 2
br—
a b N AN a-z+b-0 a-(—y)+b-z _ a = e
0 ¢/ **\0 =z TZ2\0-24¢-0 0-(~y)+c -z 0o ¢

The resulting matriz is also an upper triangular matriz with entries in R, so H is a subgroup of

GLn(R).
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Definition 2.4. [DF04, Definition 1 of Chapter 7] A set R equipped with two binary operations,

addition and multiplication, is a ring if the following are satisfied:

(1) (R,+) is an abelian group; that is, r +s=s+r for anyr,s € R.
(2) Multiplication is associative on R; that is, (a-b)-c=a- (b-c) for every a,b,c € R
(8) Multiplication is distributive over addition; that is, a-(b+c) = a-b+a-c and (a+b)-c = a-c+b-c

for every a,b,c € R.

We say a ring R is commutative if its multiplication commutes. i.e., a-b="b-a for all a,b € R. A

subring of R is a subset under addition which is a subgroup and closed under multiplication.

In this thesis, R will always refer to a commtative ring and F’ will always refer to a field as given

in the following definition.

Definition 2.5. [DF04, Definition 2 of Chapter 7| A field is a commutative ring F with its multi-

plication satisfying the following:

(1) Multiplication is commutative on F.
(2) Every nonzero element of F has a multiplicative inverse; that is, if € F and x # 0, then

there exists x~1 € F such that z -z~ 1 = 1.

The kind of ring we primarily deal with is a polynomial ring F[z1,...,x,]| over some field F.
In the following definition and in this thesis, we take N to include 0, which impacts the following

definition by allowing that some powers of variables be zero.

Flzy,...,x,) = Z Clar,...an)T1" -+ - x| only finitely many c(q,, . q,) € F are nonzero
(at,...,an)€EN™
Elements of F'[z1, ..., z,] are called polynomials and a polynomial with only one term z7* - - - 29"
is called a monomial. Henceforth we may denote vectors of indeterminates by x = (z1,...,x,) and
exponent vectors by a; = (a; 1,...,a;,) so that x* = ac(lli’l g
Multiplication and addition are defined on F[z1,...,x,] as follows.

Let f=73 jenm caX® and g = >, cyn daX® € Fl1,..., 2y

f+g:= Z (ca + da)x?.

acNX
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f-9:= Z ( Z Cqdy)x®.

aceN" q,reN”|gi+ri=a;

Note that every polynomial is a finite sum, hence the condition that only finitely many coefficients
are nonzero, but expressing a polynomial as a sum over every possible exponent vector allows us to
define multiplication and addition of polynomials without having to consider the number of terms.

The following definitions introduce a grading on a polynomial ring F[x1,...,z,] over field F.

Definition 2.6. [Peell, 1.1] For each i = 1,...,k, set deg(x;) = 1. The degree of a monomial is
an

given by deg(x‘fl coexdn) = ay + -+ ag. A polynomial f = Z(al,...,an)eN" C(a1,~.,an)$cf1 cooxln s

called homogeneous if for every nonzero c(q, ... a,), the sum ay +--- + an is the same.

Definition 2.7. [DF04, Definition 4 of Chapter 7] A commutative ring R with multiplicative iden-

tity is called an integral domain if for any a,b € R with ab=10 thena=0 orb=10

Note that any field is an integral domain, so the following proposition applies to our case of a

polynomial ring over a field.

Proposition 2.8. [DF04, Proposition 1 of Chapter 9] Let R be an integral domain. Then

(1) For any nonzero f,g € Rlxy,...,xy], deg(f - g) = deg(f) + deg(g),
(2) The units of R[x1,...,xy,| are precisely the units of R,

(3) Rlz1,...,xy,] is an integral domain.

Definition 2.9. [Peell] If R = Fl[z1,...,xy,), then denote by R; the F-module spanned by all
monomials of degree i. That is, R; consists of all F-linear combinations of monomials of total

degree 1.

Every polynomial f € R = F[z1,...,xy] can be written uniquely as a finite sum f = )", f; of
non-zero homogeneous components f; € R;. Thus, the polynomial ring can be expressed as the

direct sum

finite
R:@Ri:{Zcifi|cieF,fieRiforieN}

€N €N
Definition 2.10. [DF04, Definition 7 of Chapter 7] Let R be a commutative ring and I C R. Say
I is an ideal of R if I is an additive subgroup of R and for every r € R and every x € I, we have

rr e l.
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We will primarily be dealing with ideals generated by monomials, so given a monomial x* =

zit - aln € Flxy, ..., zy], the ideal generated by that monomial is (x®) = {x®-f | f € Flz1,...,z,]}.

Proposition 2.11. The ideal generated by the set of monomials S = {x™, ..., %} is

(S):{$a1'f1+"'+$ak'fk’fl,...,kaF[fL‘l,...,J}n]}

Proof. Let’s verify the claim that the set {x®!- fi+---x2 - fi. | f1,..., fx € Flz1,...,z,]}, denoted
by I in this proof, is an ideal.

First, let x- fi+- - -+x% - fi, x?1- g1+ - -+x2k-gp, € [ for some f1,..., fk,91,...,9x € Flz1,..., 2]
XM fige X fo = (XM g X gg) =X (fi —g1) o X (fi — gk) Is also an
element of I because f; — g; € Flz1,...,x,) for j =1,...,k, so I is a subgroup of Flz1,...,z,].
Now let x® - fi + -+ +x* - fp, € [ and g € Flxy,...,xp). (X - fi+ - +x* - fr) - g =
x* - (fi-g9)+---+x*-(f-g) is also an element of I because f;-g € Flz1,...,x,] for j =1,... k.
This concludes the proof that I is an ideal. ]

A monomial is called squarefree if every exponent a; of z; is either 0 or 1. Given n indeterminates
in Flz1,...,zy,)], a squarefree monomial has n exponents, each of which is either 0 or 1. Thus, there
are 2" distinct squarefree monomials with coefficient 1. Furthermore, there are at most 22" ideals
generated by squarefree monomials in F[z1,...,x,]. We see a pivotal example in section 3 of
resolutions of a squarefree monomial ideal which demonstrate the distinction between two free
resolution constructions this thesis discusses, the Lyubeznik resolution and the minimal graded

resolution.

Example 2.12. Consider the polynomial ring F[z,y|. Find all squarefree monomials and squarefree
monomial ideals. The squarefree monomials are {1, x,y,xy}.

The nontrivial squarefree monomial ideals are (1) = Fx,y], the ring itself which is generated by 1;
(z) and (y), the sets of polynomials which are multiples of x and y, respectively; (xy), the set of
polynomials which are multiples of xy; and (x,y), the set of polynomials for which every term has
a factor of x ory.

Those are all the distinct squarefree monomial ideals in F[x,y]. Any other combination of squarefree
monomial generators of an ideal would produce a redundant ideal. Any ideal with 1 as a generator

is the entire ring, and the following equivalencies are obvious: (xy,x) = (x), (xy,y) = (y), and

(zy,z,y) = (2,y).
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Definition 2.13. [DF04, Definition 1 of Chapter 10] Let R be a ring and M a set with a binary
operation + on M such that (M,+) is an abelian group. Call M an R-module if there is an action
of R on M, -: R x M — M, which satisfies the following:

(1) (r+s)-m=r-m+s-m for everyr,s € R and m € M.
(2) (rs)-m=r-(s-m) for everyr,s € R and m € M.

(3) r-(m+n)=r-m+r-n for everyr € R and m,n € M.

If R has a multiplicative identity 1, then we also have that 1 om = m for every m € M.

Modules generalize the familiar concept of vector spaces. An R-module when R is a field is
called a vector space. Though the structures are similar, some properties of vector spaces are not
applicable to modules over rings because a ring need not be commutative nor have multiplicative
inverses for each element. For instance, every finitely generated vector space has a basis but there

exist finitely generated modules over rings which do not have a basis.

Definition 2.14. [DF04, Definition 2 of Chapter 10] A nonempty subset N of an R-module M is

an R-submodule of M if N is a subgroup of M and is closed under the action of ring elements.

A submodule N of an R-module M is also an R-module. N inherits its commutativity from M
so it is also an abelian group and if N is closed under the action then the three conditions on the

action are satisfied again by inheritence from M.

Example 2.15. The polynomial ring Fxy ..., x,] introduced above is an F-vector space as well as
a ring. To show Flxy ..., x,] is a vector space, first show that it is an abelian group. The identity
of Fley...,mp) is 0. For f =3 cnn CaZ® —f = D senn (—Ca) T
Let [ =3 senm CaZ® g = D genn dax® be polynomials in Flry, ..., xy].
fH9=> (catda)a®= ) (da+ca)a® =g+ f
acNn acNn
because F being a field entails that F is an Abelian group, so cq+ dq = dg+ cq for Veg,dg € R. So

Flxy...,x,] is an Abelian group.
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The action of F on Flxy ..., xy] is defined by r- (1™ + - - -+ ca®) = (rep)x™ + - - - + (reg) ™
where rc; is multiplication in F'. To show that this action satisfies the conditions of Definition
2.13. letr,s € F and f =) jcym CaT® 9 = D genn dax® € Flxy, ..., 20
For (1),

(r+s)-f=(+s)cax™ + - (r+s)cpx™ = (rcy + sc1) (x)™ + - -+ + (reg + sc)x™

=rcx™ + - -regx®™ + scrx™ + - sepx™ =r- f+s- f.

For (2),
(rs)- f=(rs)cix™ + - (rs)cgx™ =r(scy)x™ + -+ +r(scp)x®™ =r-(s- f).
For (3),
r-(f+g)=r- Z (cq+ dg)x® = Z r(ce + do)x®
acN" acN"
= Z (req)x® + Z (rdg)x® =1 - Z (Ca)x®+ 1 - Z (do)x*=r-f+r-g
aceN" aeNn? acN" aceNn?

Definition 2.16. [DF04, Definition 4 of Chapter 10] Let M and N be two R-modules. A function
f:M — N is called an R-module homomorphism if for every z,y € M, f(z +y) = f(z) + f(y)
and for every r € R, f(rx) =rf(x).

Define the kernel of a homomorphism f: M — N to be the set ker(f) = {x € M | f(z) = 0} where
0 s the additive identity of N.

Lemma 2.17. [DF04, Theorem 4 of Chapter 10] Given an R-module homomorphism f: M — N,
ker(f) is a submodule of M and f[M], the image of f, is a submodule of N.

Proof. The claims of the lemma are part of larger claims in the First Isomorphism Theorem for
Modules, so we provide a precise proof of these statements. To show that these two sets are
submodules, we show that each is closed under subtraction and closed under the action of ring

elements.

Let a,b € ker(f), so f(a) = f(b) = 0. f(a—05b) = f(a) — f(b) =0, so (a —b) € ker(f). Let
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acker(f),reR. f(r-a)=r-f(a)=r-0=0,s0r-ac¢€ ker(f).
Let f(x), f(y) € fIM] for some =,y € M. f(z)— f(y) = f(x — y) is an element of the image of f
because (z —y) € M. Let f(zx) € f[M],r € R. r- f(x) = f(r-z) is an element of the image of f

because r - x € M. O

Definition 2.18. [DF04, Definition 8 of Chapter 10] Say an R-module M is free on a subset
A C M if everym € M can be written uniquely up to reordering as m = ria1 + - - - +rpay, for some

ncZ", r,€R,a; €M fori=1,...,n. In this case, say A is a basis for M.

Every F-vector space V is a free module and every basis of V' has the same cardinality.

Definition 2.19. [DF04, Definition 8 of Chapter 10] The rank of a free R-module M is equal to
the cardinality of a basis A of M. Analogously, the dimension of an F-vector space V is equal to

the cardinality of a basis for V.

Definition 2.20. [Peell, Section 2] An R-module M is called graded if it has a direct sum decom-

position M = @ M; as an F-vector space satisfying that {rym; | r; € R; and m; € M;} = R; M is
1€EZ

contained in M;,; for everyi,j € N. Call M; a homogeneous component of M.

Every polynomial f € Flx1,...,z,] can be expressed as the sum of finitely many nonzero ho-
mogeneous components, f = >, fi where each summand f; is in the homogeneous component

F[z1,...,xy,); of the polynomial ring.

Definition 2.21. [Peell, Section 1] An ideal I of a graded polynomial ring F[z1,...,x,] is called

graded or homogeneous if it satisfies the two following equivalent conditions:

(1) I has a system of homogeneous generators.

(2) If a polynomial f € I, then each homogeneous component of f is in I.
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Proof. Here we prove the claim that the two conditions in Definition 2.21 are indeed equivalent.
If {ga}aca generates I where each g, is a polynomial in degree ¢, € N, then any f € I has
f=> aea Jaha for some homogeneous polynomials h,. Then each term g,h, is homogeneous of

degree deg(gq)+deg(hy). Then the degree d homogeneous component of f is > gahe.

cA
de(ga) +dea(ha)=d
Then clearly the homogeneous component is generated by {ga}aca and belongs to the ideal.

Now assume that for any polynomial f € I, its degree d homogeneous component also belongs
to I. I claim that I is generated by the set S = {g € I | g is homogeneous} Clearly, (S) C I, so

want to show I C (S). Let f € I, so each homogeneous component, f; the component of degree d,

is an element of the ideal and of S. So f € (S5) because f = oy fa. O
We introduce an ordering on monomials x?1,...,x% € Flx1,...,x,] by

(1) x?l’l N x?len < xti‘Q’l e x?ﬁvn lf al,l + -+ aLn < a2’1 4+ .-+ a2yn7
fa 1+ --+a, =a1+ - +az, but (a11,...,a1,) # (a21,...,a2,), then there exists

Jj=min(i | a1; # ag;). In this case, where p,q € {1,2} are distinct, a,; < aq; implies x® < x4
To manipulate the gradings on modules, we introduce a shifting that will impact the resolutions.
For p € Z, set M(—p) = @,z Mi—p and call this the module M shifted p degrees.
Let My, ..., My be a collection of R-modules. The collection of k-tuples (my, ..., m) where each
m; € M; is called the direct product, denoted M7 X - -+ x M. The direct product My x --- x My

is also an R-module with addition and the action of R defined componentwise.

Proposition 2.22. If M and N are free R-modules with respective ranks m and n, then multipli-

cation by an n X m matriz with elements in R is an R-module homomorphism.
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CL171 a1,2 e al,m
. azi1 a2 ... azm . .
Proof. Denote by A an n X m matrix with each a;; € R for i =
an1 An2 ... QAanpm

a11-r1tai2- -T2+ -+ a1m - Tm

x1
G21-T1+ a2 - Ta+ - +aym- T
1,...,n,5=1,...,m. Forx= ] : eM, Ax = ' " e N,
Lm
Ap1 X1+ ap2 -T2+ + Gnm T
Let x,y € M and r € R.
1+ ar1-(z1+y1) Farz - (T2 +y2) + - A arm - (T + Ym)
T2 + Y2 a1 (x1+y1) +aze - (T2 +y2) + -+ azm - (Tm + Ym)
Ax+y)=A4A = :
Tm + Ym an1 - (21 + Y1) Fan2 - (T2 +y2) + -+ g - (T + Ym)

a1 -x1t+ai1-yrtar2-r2t+ai2-y2+ -+ armc Tm + G1imc Ym

a1 -1 +az1-Yr+ag2-T2+az2- Y2+ -+ a3m- - Tm+a2m - Ym

an1 1+ ap1 Y1 +an2- -T2+ an2- Y2+ -+ anm: - Tm + Anm - Ym

a11 -1+ ai2- -T2+ -+ a1m - Tm a11-Yy1+ar2-y2+---+a1m - Ym
a1 -T1+ag2- -T2+ -+ axm - T, a1 -y1+ag2-Yya+ -+ a2.m - Ynm
n1-T1+apn2 -T2+ -+ apm - Tm an1-Y1+tap2- Y2+ -+ apm- - Ym

= Ax + Ay.
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Alr-x)=A

a1,1'(7"'961)+a1,2'(T'$2)+---+a1,m'(7“'33m)

ag1 - (r-x1)+ag- (r-x)+ -+ agm- (r-xm)

an1-(r-x1)+ana- (r-z2)+- -+ anm- (r-zm)

re(a1-x1)+r-(ag-x2)+ -+ (Q1m - Tm)

re(agy-x1)+7r-(age-x2)+ -+ 1 (a2m - Tm)

re(an1-x1)+r-(ap2-x2)+ -+ 7 (Anm - Tm)

a11-T1+tai2 -T2+ -+ a1m - Tm

a21-x1+ag2 T2+ -+ axm - Tm
=r

Ap,1 X1+ ap2 -T2+ + Anm - Ty,

= rAx.

3. RESOLUTIONS

Definition 3.1. [DF04, Definition 1 of section 10.5] Let R be a ring and Mj, ..., M, be R-modules

with f; : M; — M;y1 homomorphisms fori=1,...,n — 1 such that we have a sequence

fi Jo fn—1
Ml M2 e Mn

We say the sequence is exact at M; if im(f;) = ker(fj41).

A free resolution of an R-module M is an exact sequence

8m o1 €
Fr Fr1 .- Ey M 0
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in which each Fj is a free R-module. Such a resolution of a monomial ideal is our object of study.
The actual module of which we take the resolution is R/I where R = F[x1, ..., x| and I is the ideal
generated by some monomials my, ..., m,. The ¢ map will be the natural projection 7 : R — R/I
defined by m(f) = f 4+ I. The kernel of that map is the ideal I C R, so the map J; can be given
in terms of the generators of I. The next map J2 contains information on the relations between

generators of the ideal.

Definition 3.2. [AKMT™] Call a free resolution of a module minimal if every entry of the presen-

tation matrices of the maps lies in the mazximal ideal < x1,...,x, > of Flx1,...,xy).

Definition 3.3. [DF04, Definition 3 of section 9.6]

(1) The leading term of a nonzero polynomial f € Flx1,...,xy], denoted LT(f), is the mono-
mial term of maximal order in f, according to the monomial ordering < of Equation 1.

(2) If T is an ideal of Flx1,...,xy,|, the ideal of leading terms, denoted LT (I), is the ideal
generated by the leading terms of all the elements of the ideal. i.e., LT(I) =< LT(f) | f €

I>.

Definition 3.4. [DF04, Definition 4 of section 9.6] A Grébner basis for an ideal I in a polynomial
ring Flx1,...,x,] is a finite set of generators {g1,...,gm} for I whose leading terms generate the

ideal of leading terms of I. i.e.,
I=<g,...,gm > and LT(I) =< LT(q1),..., LT (gm) >

There is no division algorithm in a polynomial ring with more than one variable. Given an ideal
in F[zy,...,2y,], the Grobner basis gives a set of monomials by which one can divide polynomials
in the ideal. LT(I) is usually called the initial ideal of I, as in [Grel0].

There is a more general idea of a resolution of a module called a projective resolution in which
each F; must be a projective R-module and not necessarily free. An R-module is projective if it is
a direct summand of a free R-module [DF04, Definition 20 of Chapter 10] This is a more general
definition than that of a free resolution because all free modules are projective. The property of
projectivity is important in studying the set of homomorphisms between the projective module and
other modules and other aspects about the module. The projective dimension of a module M is

defined to be the length of the shortest possible projective resolution which can be constructed of
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M. If a module M is projective, then the projective dimension of M is 0 because
M —0

is a projective resolution and has length 0. In this way, the projective dimension of a module

measures how close the module is to being projective.

Unsurprisingly, minimal free resolutions provide the most useful information toward the projec-
tive dimension of a module. The difference between a nonminimal and a minimal free resolution of
a module can be the omission of multiple modules in multiple homological steps or even removing
whole homological steps themselves. The difference between minimal and nonminimal resolutions
can be seen in the comparison between the nonminimal Taylor resolution construction and the
inherently minimal construction of a minimal graded free resolution

The first construction for a free resolution of a monomial ideal that we examine is the Taylor
resolution. The Taylor was the first algorithmic approach to finding free resolutions of monomial

ideals.

Taylor Resolution Construction: [Tay66]

Given a monomial ideal I in a polynomial ring R minimally generated by monomials my, ..., m,,
define F;(I) = { [m;ljes} | |J| =i and {m;}jes C {mi,... my}} fori=1,... r.
Then define R*(D) to be the R-module {>sj=ira[mjljes | s € R}, which is isomorphic to RIF(D)]
[AKMT™]. In the resolution, the modules will be presented as R* where k = |F;(I)| in the reso-
lution but it is helpful to view F;(I) as a basis for the module in homological degree i, R’ () ag
given above.

Define §; : RFi) — RFi-1(D) for j = 1,...,r as follows:

lem(m;) e
0i([my]; = —1)=8) -
(Imjljes) g( ) lem(m;) jen (k)

Where e(J, k) ={j € J|j <k}
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01 can be represented by the matrix (ml . _mT>.

0y can be represented by the matrix

lem(mi,ma) lem(mi,m3)

mi mi
lem(my,ma)
__lem :2; mo 0
0 . lcm(:‘?rzlé,mg)
0 0
0 0

1 ( b T)
cm 7;21 m 0
0 lcm(zz,mg)
0 _%
0 0
lem(m1,my)
_lem ::Li m 0

15

lem(my—1,my)
My—1

_lem(my—1,my)
my

While the matrix for d3 and maps in higher homological degrees can be constructed similarly,

they become increasingly cumbersome to write out explicitly, making it difficult to represent them

in a general matrix form.

Example 3.5. Construct the Taylor Resolution of I =< 2 xy,y%,2% > in R[z,y,2]. Since this

ideal is generated by four monomials, the resolution will have the following form:

04
0 R

RO Pgs P MR

0

01 is represented by the matrix (xQ ry 22 y3> whose entries are the generators of the ideal.

By this definition, the image of 0y is

Following the formula given abowve,

the ideal < z2,xy, 2%, y> >C R

0y is represented by the matriz

lcm(jj 2Y) lcm(;fj 2%) lcm(fj v°) 0 0 0
_ 1cm(;c;,zy) 0 0 lcm(;é;,z2) lcm(;:zgj,yg) 0
0 _hfm(:# 0 _ 1cm(:2y732) 0 lcm(j;7y3)
0 0 _ lcm(;«";,y“) 0 _ lcm(;?:yi‘) _ lcm(;jyi‘)
Y 22 Y3 0 0 0
-z 0 0 22 P 0
N 0 —22 0 -—ay 0 3
0 0 —-22 0 -z —22

In the same way, 03 is given by
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lem(z?,zy,2%) lem(a?,wy,y*) 2,2
lem(x2,zy) lem(z2,zy) 0 0 < Y 0 0
lem(22,xy,22) lem(22,22,y3) 3
T T lem(22,22) 0 lem(z2,22) 0 -y 0 Yy 0
lcm(xQ,xy,yg) lcm(x2,z2,y3) )
0 lem(z2,y3) ~lem(22y3) 0 _ 0 B 0
1Cm(12,wy322) lcm(zy,zz,y3) 2
lem(zy,22) 0 0 lem(zy,22) x 0 0 Y
lem(x2,zy,y3) lem(zy,22,y3) 2
0 lem(zy,y3) 0  lem(zy,y®) 0w 0 -z
lem(z?,22,9%)  lem(zy,2?y%) 2
And 04 by
lem(z?,zy,y°,2°) 2
lem(z2,2y,22) Yy
_lcm(acz,xy,y3,22) .2
lem(z?,2y,y°) — z
lCm(m2,xy,y3,z2) 1
Tem(a?,22,57)
lem (2 ay,y%,22)
T lem(zy,22,y3) -z
The resulting Taylor resolution of I =< z2,xy, 2%, y> > is
22 P 0 0
-y 0 ¥ 0
y? 0 -1 —22 0
—22 z 0 0 y?
1 0 z 0 =22
—T 0 0 2 T
0 R R?
Y 22 Y3 0 0 0
—x 0 0 22 P 0
0 —z2 0 —a2y O Y3
0 0 —z2 0 -z -2 (:c2 xy 22 y3)
RS R4 R

This resolution is mot minimal because in multiple maps there is an entry of the presentation
matriz not in the mazrimal ideal and the columns of the presentation maps of Oy and 03 have

columns which are linearly dependent. We can attempt to minimize the Taylor resolution.
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We now discuss the construction for a minimal graded free resolution of a monomial ideal and

compare the two constructions.

Minimal Graded Free Resolution Construction: [Peell, Construction 4.2]

Given a monomial ideal I in a polynomial ring R = F'[z1, ..., Z,] minimally generated by monomials
mq,..., m, with respective degrees aj, . .., a,, we construct a minimal graded free resolution of R/I.
We do this by induction on the module’s position in the resolution, which we call the homological
degree of the free module.

Step 0: The Oth map of the resolution will be the projection of Fy = R into Uy = R/I, so take
Oo:R— R/I, 00(f)=f+1.

Step 1: Set F} = R(—a1) @@ - - P R(—a,,) and Uy =kerdy = I C R = Fy. Define 0, : F; — U; by

fi
O(fisoofr) = (mr...m,)

fr
Step i + 1: Assume by induction that F; and 0; are defined with J; given as an n X m matrix. Set
U;+1 = ker 9; and choose minimal homogeneous generators Iy, ...,l; € R”™ with respective degrees
bi,...,br,, to be the columns of the presentation matrix. “Minimal” in this sense means that each
generator [; is an element of the maximal ideal < z1,...,x, > of R, so omitting any generator

which has constant entries. We call the position in the resolution, denoted by 7 in the construction,

the homological degree of Fj.

The resulting minimal graded free resolution of R/I will have the form

0— R(—aiyl) @ s @ R(—ai,ri) 84 s
0 0 0 2]
=% R(—a21) P P R(—azry) = R(—a11) P P R(—a1,,) = R =5 R/I
Definition 3.6. Given the graded minimal free resolution above, where we define F; = @pez R(—p)cir
for only finitely many nonzero c; s, define the ith Betti number to be c; := ZpEZ Cip- Say c;p has

homological degree i and internal degree p.

Because there are finitely many modules in the resolution, the number of nonzero Betti numbers
is finite. We represent the graded Betti numbers of a resolution using a Betti table where finitely
many entries are nonzero. The top row of the table denotes the ith homological degree. The

left-hand column labels the internal degree p, but the entry in the pth row and i¢th column is ¢; ;4.
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O0fcoo c11 c22
1]eco1 c12 co3

2] co2 €13 Co4

Example 3.7. We use the construction described above to find the minimal graded resolution of
the monomial ideal I =< z%, 2y, 2%,9y> > in the polynomial ring R = Rlx,y,z]. We set up the Oth

and first homological degrees with little computation as follows:

. (.’172 Ty 2’2 y3> Py
R R R/I 0

Where 0y : R — R/I is the natural projection 0o(f) = f + 1. We obtain shiftings on R* from
deg(2?) = deg(zy) = deg(2?) = 2, giving three copies of R(—2), and deg(y®) = 3, giving one copy
of R(=3). R* is twisted to R(—2)3@ R(—3) and that information will be reflected in the Betti
table.

To obtain the next map 0z, find minimal generators of ker (:c2 xy > z2) We obtain genera-
tors of the Kernel by establishing pairwise relations between entries of the matrix representation of
01 and make them minimal by reducing the set to a linearly independent set.

ker <x2 xy > 22) s generated by

' Y y3 22 0 0 0
—T 0 0 y? 22 0
0 7 0 ’ —z? 7 0 ’ —xy 7 —y3
0 —x? 0 —x 0 22
\ J

0 y y?

y? 5 | — 0
T +vy =

0 0 0
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So we can omit the column that would contain and get the following presentation matrix

of Oy with linearly independent columns

0 0 -z 0 2z
Given this presentation matriz, we are able to determine the necessary shiftings of the modules

in the second homological degree.

R(-3) P R(-4) @ R(-4) P R(—4) P R(-5)
= R(-3) P R(-4)* P R(-5)

Without considering the shiftings given above, the Kernel of 2 can be thought of as the set

a
ay + bz% =0,
b
—az + cy? + d2? =0,
c| € R5 |
—bx? —dxy — ey® =0, and
d
—cx+ex?=0
e
To obtain one generator of the Kernel, consider that when a = 2%, then b = —y to satisfy the

first equation. Then evaluating the second equation as —z%x + cy® + dz?> = 0, an intuitive choice is

c=0,d =x. Then the fourth equation evaluated as 0x + ez? = 0 implies that e = 0.

By this process, we obtain | 0 | as a generator of the kernel.




20 CORDELIA RUSSELL

Starting with the assumption that ¢ = 22, follow a similar process to find thata = 0,b = 0,d = 32,

and e = x satisfies the equations above and gives another generator | 22

Any other starting assumptions on a or ¢ would be a linear combination of the assumptions we
have already considered to satisfy the first and fourth equations given in the representation of the
Kernel, so these two linearly independent vectors generate ker 0.

We can now give the module of homological degree 3 and the map O3 by

220
—y 0
0 22
r oy
0 =z

R2

R5

The Kernel of 03 without considering the shiftings can be thought of as the set

az’? =0
—ya =10
€ R? | bz2 =0

b
ax +by? =0, and

zb=0

0
Clearly, the Kernel is generated by , 0 at homological degree 4 we map 0 to R(—5) @ R(—6)
0

by the zero map.
One can also deduce that Oy is the zero map by observing that O3 is injective so it’s kernel can
only be the zero vector.

The resulting minimal graded free resolution of I =< x?, zy, 22,y > is
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220
-y 0 y 22 0 0 0
0 22 -z 0 y? 22 0
r g2 0 —22 0 -2y —y°
0 =z 0 0 -z 0 2
0 R? RP
(x2 ry 22 y3) 9
R4 R R/I 0
The Betti table of this resolution is
01 2 3
o1 0 0 0
110 8 1 0
210 1 38 1
310 0 1 1
410 0 0 0

As previously described, the presentation matriz of 01 contains the generators of the ideal and
the presentation matriz of Oy describes relations between the generators. For evample, y(z?) —

)
2 . . -z .
z(zy) + 0(2%) + 0(y3) = 0 describes a relation between the generators, so is a generator of
0
0
ker (gﬂ zy 22 y5) and appears as a column in the presentation matriz of Oo. O3 representing

relations among relations is more abstract, but you can observe that the composition of the two

maps is certainly the 0 map.

The following example briefly describes the process of obtaining the minimal graded free resolu-

tion of a monomial ideal.

Example 3.8. In R = k[z,y,z|, take the ideal I =< z%y,2’z,xzyz >. To find the minimal

resolution associated to this ideal, generate a linearly independent matriz A such that

(x2y x2z xyz) -A=0.
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This matriz is given by the linearly independent generators of the kernel of (wzy 2z xyz) The

relations between the generators of the monomial ideal give

z z 0
{ ) ) 0 ) Yy }
0 x —x

These vectors are linearly dependent so omit one to obtain the matrix with linearly independent

columns
z 0
-y Yy
0 —=x
This gives the graded minimal resolution
z 0
-y oy
0 -z (:CZy z2z xyz)
R? R3 R R/I
The Bett: table associated to this resolution is
0 1 2
0|1 0 0
110 0 0
210 38 2

While the matrix representations for higher differentials become increasingly complicated, com-
putational tools such as Macaulay2 and the complexes package provide an efficient approach for
calculating the minimal graded free resolution of monomial ideals. Example 3.7 demonstrates how
the minimal graded free resolution can be constructed manually. Once the computation process is
well understood, we can confidently rely on software tools to handle more intricate computations

and automate the process of obtaining minimal free resolutions of monomial ideals.

In comparing the two distinct resolutions in Example 3.5 and Example 3.7 of the same monomial
ideal, we observe an example where the Taylor resolution of a monomial ideal is nonminimal. This

prompts the question of what modifications can be made to the Taylor resolution that reduce the
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ranks of the free modules while ensuring that it remains a valid resolution.

Lyubeznik Construction: [Lyu88]
Lyubeznik gave a construction of a subcomplex of the Taylor resolution which is also a free resolution
. In the subcomplex, the module at each homological dimension i by elements [m;,, ..., m; ] in the

usual ordering of F;(I) such that m; does not divide lem(m;,,...,m;,) for all t < s and j < 4.

Example 3.9. In his 1988 thesis introducing the resolution, Lyubeznik gives an example of an ideal
whose Taylor resolution is nonminimal and whose resulting resolution after the truncating process
1s also nonminimal. The ideal is < x1T9,T1x3, X223, TaTy, T1X5, X3Te >. By just observing that
lem(xy29, z123) = lem(z1 29, X123, xaws) = lem(z1 29, x223), we can tell that its Taylor resolution is

nonminimal.

Example 3.10. Recall the Taylor resolution found in Ezample 3.5.

We follow Lyubeznik’s truncation process by eliminating columns of the presentations correspond-
ing to basis elements which do not satisfy the property described by Lyubeznik.
lem(22, zy, 22, y%) = 22322 = lem(2?, 22, y3), so the basis element [x2 xy 22 o3| of RFs(D)
should be omitted. The module in the 4th homological degree is thus 0.

Furthermore, lem(22, zy, y3) = lem(z2, y3)

z Y 0 0
—y 0 0 y?
0 -1 0 —22
y2 _ 2 0 _
T 0 y? 0
0 x —2z2 0
0 0 T a2
y 0 y3
5 | — y? 0
y +ao = :
0 0 0
0 -z — 2
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To minimize the resolution, we should omit the column which corresponds to the nonmazimal
entry of the next map’s presentation matriz. Once the necessary column is omitted and the presen-

tation matriz for 03 is injective, its kernel is trivial and can be minimally mapped onto by the zero

map.

y? 0 -1 —2
—22 x 0 0 g2
1 0 = 0 —z2
— 0 0 2 T
0 R R!

22 q? 0

-y 0 0

0 -1 0O

r 0 g2

0 z —22

0 0 T

0 R3

Now we interpret the nonmaximal entry in the third row of O3 to also represent a linear combi-

nation of the columns of Oo’s presentation matrix.

y 0 y?
5 | —Z y? 0
Y +x =
0 0 0
0 -z —2

So we can omit the third column from the matriz respresenting 02, making sure to also omit the
corresponding copy of R in the second homological degree and omit the corresponding row of the

presentation matriz of 3. To preserve exactness, we also omit the column which contained the

nonminimal entry.
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22 P 0
-y 0 0
0 -1 0 y 22 0O 0 0
T 0 y? —x 0 0 22 P 0
0 v =22 0 —22 0 —zy O y3
0 0 T 0 0 —a? 0 ——
RS R()

22 0

—y 0 y 22 0 0 0

x P -z 0 2 420

0 —z2 0 —22 —xzy 0 97

0 =z 0 0 0 -z —z°

R? R®

22 y2 0 0
—y 0 0 y?

.2 2 2 _
Y x | +% 0| +z| vy =10
0 T —z2 0
0 0 x x2

So we can omit the third column from the matrix O3

The The Taylor resolution after this minimization process is

22 0

—y 0
r oy
0 —z2
0 z

0 ——> R?
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—x 0 22 2 0
0 —22 —azy O y3
0 0 0 -z —2? <x2 T y3)
R® R* R R/I
01 2 3
o1 0 0 0
110 3 1 0
210 1 3 1
310 0 1 1
410 0 0 0

Another notable construction of a free resolution is the Barile-Macchia Resolution. This con-
struction builds the resolution through discrete Morse theory choosing the generators through an
algorithmic process using subsets of the generators of the ideal rather than starting with a larger
resolution and truncating [BM20].

As seen at the end of Example 3.5, the Taylor resolution of a monomial ideal can be nonminimal
and often is. We aim to identify characteristics of the generators of the monomial ideal which imply
that the Taylor resolution is nonminimal and characteristics which imply minimality.

A resolution given by matrix presentations, as our Taylor resolutions are, is called nonminimal
if some entry of a matrix is not in the maximal ideal < x1,...,z, > of Flzi,...,z,]. An entry of
a matrix not in the maximal ideal of the polynomial ring is a scalar entry, usually 1 or —1. The
case of a scalar entry in a matrix occurs when there exists {m;};cs € {m1,...,m;} such that for

some my € {m;}jes,

lem(my, ..., m )

lem(m;,...,m =lem(m;,..., Mg,...,m SO =
(Moo mm10) (Mg sy ), lem(my, ..., Mg, ..., my)

When an entry of 1 or —1 occurs in the jth row of the ith presentation matrix, then the
jth column of of the (i — 1)th presentation matrix is a linear combination of the other columns
corresponding to the other nonzero entries in the jth row of the ith presentation matrix. Recall
that the construction of the minimal graded free resolution required that the generators of the

kernel must be minimal.
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There is one minimal free resolution associated to a monomial ideal, so the ranks of the modules

in the resolution are the smallest possible for that ideal.

Note that
Fo(I) = {2},
F(I) = {[m], ..., [me]},
Fooo(1) = {[may oo smsly e [ty st mn] s [y ey me 1]}

where m; indicates to omit m;, and

E.(I) ={[m1,...,my]}.

The cardinality of each of these sets is (Z), but that is usually larger than the ¢th rank in the
minimal resolution.
In taking the least common multiples of these sets of monomial generators, there are fewer than
(%) unique lems if and only if lem(m;)jes = lem(mg)rex for some distinct bijective subsets
{mj}jes {mitrex C {m1,....m}.

This case entails that truncation is possible in the Taylor resolution and it was not minimal to

begin with.

Example 3.11. In the Fxamples 3.5 and 3.7, we found two different resolutions asociated to one
ideal. The discrepancy between the two resolutions can be attributed to the fact that the Taylor
resolution of that ideal is nonminimal. In the case that Taylor’s resolution is minimal, it will
coincide with the minimal free resolution. Take the ideal I =< xy,y?,2> > and note that each
pairwise least common multiple of the monomial generators is distinct. Here is the resolution to

the 2nd homological degree

(o0 v =)

R3 R R/I 0

Establish pairwise relations between the generators and check for linear dependence to obtain

generators for Os.
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Y 22 0
—X 9 O 9 22
0 —xy —y2

The set is linearly independent so we cannot omit any column of the matriz created from these

vectors.

Y 22 0
—x 0 22
0 —xy —y2 (acy y2 22>
R3 R3 R R/I —= 0

Express the Kernel of 02 as

a ay + bz? =0,
b| e R —ax + ¢z =0,

c —bxy —cy®? =0
52
The kernel is generated by | —y |, so the final minimal graded resolution is
x
22 Y 22 0
—y —x 0 22
x 0 —xzy —v? (acy y? 22)
0 R R3 R3 R R/I 0
01 2 3
o1 0 0 0
110 3 1 0
200 0 2 0
310 0 0 1
410 0 0 0
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We can see that the minimal resolution coincides with the Taylor resolution because the module
rank at the ith homological degree in the resolution is (f), the same as it would be in Taylor’s

resolution.

4. MINIMAL RESOLUTIONS IN BIVARIATE POLYNOMIAL RINGS

In the cases of polynomial rings in the fewest variables, the possible resolutions follow some
forms due because there are few possible relations to have between minimal generators in one or
two variables. As explored in Example 2.12, a generator of an ideal is condidered redundant if it is a
multiple of another generator. As such, a monomial ideal in R = F'[x]| can only have one generator
and will have the form < 27/ > for some j € N. This monomial ideal will have the following minimal

graded free resolution:

()

0 R R R/I 0

To figure out a form for monomial ideals in two variables, first consider the cases of generators
of low degree:

When I =< z,y >,

Yy
)« )
0 R R? R R/I 0
When I =< 22,y >,
Yy
2 2 y)
0 R R? R R/I 0
When I =< 22, 2y >,
Yy

0 R R? R R/I 0




30 CORDELIA RUSSELL

The only way to minimally generate a monomial ideal in two variables is by the form

< x“lybl s s xa”yb”

> such that for any ¢, j distinct in 1,...,n then either a; < a; and b; < b; or
a; < a; and b; < bj. If a; < a; and b; < b; then xaﬂ'ybﬂ' is a multiple of :Uaiybi.

We can use these conditions on the generators to give a general for the formula of a minimal
graded free resolution of a monomial ideal in two variables by the number of generators.

Take an ideal with three monomial generators 2%y, x92y%2 1%y such that min(ay, az, az) = a1

and max(by, b, bs) = by. This ordering is given to satisfy the conditions on the exponents given

above and to ensure that the differences we take in these exponents are positive.

p02—a1 2A3—a1
fyln—bz 0
0 _yb1 —bs (xalybl xazbe l‘aSyb3>
R® R? R R/I

In n generators ordered by <, I =< z% g%, ..., z% 9’ > and the minimal resolution has the form

x®2m N 0 0 0 0
_ybl—b2 133 —02 0 0 0

0 =yt 0 0 0

0 0 A 0 0

0 0 0 e xn—1—0n-2 0

O O 0 N 7ybn72_bn71 xan_anfl

O O 0 . e 0 _ybn—lfbn

0 —~ R
(xal ybl . xanybn>

R" R R/I 0
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Example 4.1. The following image is the minimal free resolution of I =< 'y x10y10 £12¢7 27y12 >
was computed using Macaulay?2 and adheres the form given above. Note that Macaulay2 gives reso-

lutions with arrows pointing left instead of arrows pointing right as this thesis has done. Macaulay2

also omits R/T — 0.
i17 : resolution monomialldeal(x*15*y~5, x~18*y~18, x*12*y~7, x*7*y~12)

-2 -y 0
02 0 -z
0 0
(2127 zTyl2 gloys Z10yl0) % 2 o .
017 = R « R' < R+ 0

0 1 2 3
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