Summary of Graphing Rational Functions
Six step process

1) Factor the numerator and denominator.  Find domain. Cancel any common factors.

2)  Locate the x intercepts and the y intercept.

3)  Locate vertical asymptotes, if any.

4)  Locate horizontal or slant asymptotes, if any.  Find if and where the graph crosses the

     horizontal or slant asymptote.

5)  Find the domain regions where the graph is above and below the x axis.

6)  Graph

1)  Factor the numerator and denominator.  Locate any values of x which would make the denominator equal to zero.  The graph will either have a vertical asymptote or a “hole” at each of these x values.  Either way, the function is not defined for these values of x.  Cancel any common factors in the numerator and denominator after establishing domain.

What you have after completing step 1: 

1a) list of domain restrictions

1b) the function in lowest terms
2)  To locate the x intercepts, set 
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equal to zero.  Solve for x.  To locate the y intercept, set x equal to zero.

What you have after completing step 2:

2a) all the x intercepts

2b) all the y intercepts
3)  Locate the vertical asymptotes.  The vertical asymptotes are vertical lines through all non-allowed values of x in the fully reduced function.  If any factors canceled in step 1, you will have some values of x which give rise to vertical asymptotes and some values of x which give rise to a “hole” in the graph.
What you have after completing step 3:

3a) equations for the vertical asymptotes (if any) 
3b) other non-allowed values of x (if any)
4)  Find the horizontal or slant asymptote (if any) and where the graph crosses it.
There are three cases: 

Case 1) if the degree of the numerator is less than the degree of the denominator, there is a horizontal asymptote at 
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Case 2) if the degree of the numerator is the same as the degree of the denominator, there is a horizontal asymptote at 
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Case 3) if the degree of the numerator is one more than the degree of the denominator, there is a slant asymptote which is found using polynomial long division.

If the degree of the numerator is more than one more than the degree of the denominator, there are no horizontal or slant asymptotes.

Find where the horizontal or slant asymptote crosses the graph by setting the equation of the asymptote equal to the equation of the fully reduced function.  Solve for any values of x which make this a true statement.  If there are any, these are the values of x where the slant or horizontal asymptote crosses the graph.  If there are none, the horizontal or slant asymptote never crosses the graph.

What you will have after completing step 4:

4a) the equation of the horizontal or slant asymptote

4b) where the horizontal or slant asymptote crosses the graph

5)  To find where the graph is above or below the x axis, find all of the zeros of both the numerator and denominator.  List them in order from smallest to largest.  

Example:  If we find that the function has zeros of both the numerator and denominator of a, b, c, and d listed in order of smallest to largest, we will break the domain up into regions 
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.  There will be one more domain region than the total number of zeros.  Choose a value of x from within each domain region and solve for the resulting 
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.  This will give you points to plot, but more importantly if 
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 for any point in the domain region then
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 for all points in that domain region. (in other words, the graph will be above the x axis in that entire domain region)  If 
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 for any point in the domain region then
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 for all points in the domain region. (in other words, the graph will be below the x axis in that entire domain region)  
What you will have after completing step 5:

5a) some points to plot

5b) you will know whether the graph is above or below the x axis in each domain region.

6)  Graph:  To graph the function:
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Draw light dotted lines to indicate the vertical asymptotes ( step 3a)
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Draw light dotted lines to indicate the horizontal asymptotes (step 4a)
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If the horizontal or slant asymptote crosses the graph, plot this point. (step 4b)
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Plot the x and y intercepts (step 2a and 2b)
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Plot any points found in step 5
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Using your knowledge of whether the graph is above or below the axis and your

       knowledge of behavior near asymptotes, sketch the graph.
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Place an open circle at the point on the graph which is a non-allowed value of x 
      which does not give rise to a vertical asymptote.
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